BA4 - Probability and Statistics Cheat Sheet 1/3 Lucas Jung

1 Probability P(A|B)P(B) = P(AnN B), M,X ~ HyperGeom(w, b,m);  Conditional expectedvalue: 3= |g(x)|fx (= | Normal/Gaussian distribution:z € R, 1 € R,
1.1 Combinatorics P(A) = P(AN B) + P(AN (") B) < o0, Blg(X)|Bl =32, 9(@)fx( | B) 5 - 0, f(z) = —L—exp (JZ“;)2>;
Repetition,ordered:nk B¢)= P(A|B)P(B) + P(A|B®)P(B°) z € [max(0,m — b), min(w, m)] C N, Expected sum: P(B°) > 0, : vamo 2 otd 2
; . : - . . ! E[X] = E[X | B|P(B)+ E|[X | B|P(B°); expectation p, variance o%,std.c > 0,

No repetiton, Ordered : permutation of length o ) (nb. w found with m take in {w + b}) X ~ N(u,0o2);average many small effects

k of n distinct object, —%— = n(n — Distributions: B € 7' st. P(B) > 0,Q(A) = pjscrete uniform : X discrete uniform, PMF {Bi}:2, partition Q,Vi P(B;) > 0, Ko )5 g Y ’

(k! P(A|B), (92, F, Q) is probability space i ’ E[X] = ¥, E[X | B;]P(B;) measure subject to error
1)...(n—k+1) (A P ysp Ix(@) = gopggsv € [a0] © Noa < Standard normal: Z ~ A/(0, 1) standard

Total probability TP: {B; }22 | (B; N Bj+; =0), 0.b € 7,U ~ DU(a,b),a:start,b:end, 23 NotlonsofConvergence

. _,2
, number of AcCUz, Bi, P(A) = Zoi P(ANBy) Convergence of distr.s: ({ X, }, X), rdm. var.s normal, density ¢(z) = v2me™* /2,

Repetition, not ordered : ("7;““)

vectorsofny +...+ni =n, n; >=0Vi (res from uniform pickin [a, b])

2

No repetition, not ordered : combination Bayes: TP cond.s, 1;((12')];)2(3 ) Poisson distr. - PMFfX( ) = Are with CDFs ({F,}, ), {Xn} convergeindistr. = € &, Fz(x) = = [* e~ /2 dz,
of k objects from set of n distinct ones, P(Bj|A) = my r € N> 0,X ~ P01s(>\) Amean nb. (law) to X (X, EZN X)e Vz € Rst. F f(@)=0"1¢((x — p) /o) Vo € R
Cc = (Z) = (n#k‘).k; P(A|B)P(B) = P(B|A)P(A) per interval, (nb. of events during time) continuous: Fp,_y o0 () — F(x); Dy C 7, Standard nermaldensity:bellcurve o(2) =

Permutations : ordered set, given n = S7_, n; Multiple conditioning: P(zﬂZl LA = Cumulative distr. func. COF : F (z) = Lavvvirj:ugﬁrﬁ(?g(%j(?(? Fr;("i) %j()ﬂzfl \/%.efz /2,,;: €R '
objects of r different types: o v — P(A) [Tizp P(Al ;=1 45) P(X < @),z € B; X discrete : Fx (z) = e e Properties : density ¢(z), CDF ®(z), quantiles

Combinations : non ordered selection, ways of 1.4 Independence > 'e; L P(X =) 0(n — o0), Xn — X, X ~ Pois()) zpiof Z ~ N(0,1),Vz € R:¢(2) = ¢p(—2),
distributing n distinct objectsinr distinct A AL B & P(A|B) = P(A4) & P(ANB) = cpp Droperties :limy o Fx(z) = 0, 3 Continuous Random Variables (CRV)  P(Z < 2) = ®(2) = 1 - &(-2) =
groupsofsuenl,...,nr:m P(A)P(B) lims o0 FX(JU) =1,Fx non_decreasing’ Q,Dx is not countable 17‘7 P(Z 2 Z)’ZP = —Z1-p 0 <rp < L

Properties: () = ( ")), (Y = Mutually: P(Np Ai) = [1p P(Ad) lim, o+ Fx(z+t) = Fx(z), P(X > x) = Probability densitiy func. : X is continuous z ¢(zﬁi30) = 0r >0 SONE[Z ]eX|52ts

k n—k nk it Pairwise: P(A1<; N Aj<j<n) = P(A;)P(4;j) 1—Fx(@)e<y=Ple<X<y) = & 3f(z) (PDR)st. P(X < z) = Vr € R,¢'(z) = —2¢(2),¢"(2) = (2% —
G20+ () 25=0 (1) (2,) = (MF™), conditional: P(N As|B) = [1 P(A| B) Fx(y) — Fy () = F(@) = [°_ f(u)du, = € B; f(z) > 0, Vo), BlZ] = 0,var(2) = 1, B[2°%] = 0,

(@ +b)" = Z? 0 (n) a’b" 1.4.1 Circuits CDF descrete : X discrete, f(z) = F(X) — oo L _ dF@) X ~ N(p,o?) = 2 = (X —p)/o ~

=0T i _ n N tn ' . : screte, f(x fioof(a:)dm = 1,f(33) =~ N(O 1) X=u+o2
(1—a)™" = 52, ("7 Nad (jof < 1), Parallel: Pp(S) = P(N, Fi) = [T, pi lim, ,,_ F(y),Dx C Z = f(z) = PX =) =0 AR H
. _ 1 Series: Pg(S) = P(U?_, F;) = F(f) “Fz-1),zez ! ( —_I) = 1 Moivre-Laplace: X,, ~ B(n p),0 < p < 1,
limp 00 1 r(?) = (reN) 1— 1", (1—p; =1 ‘ ions di v i Uniformdistr.:a < b, f(u) = 325 a <u <b, pu, = E[X,] = np,02 = var(X,) =

Partltlonmt.:numbe!'ofT\L/Scltorsofnl Tt Ip p,,11:1> P ;pi >p_ > 0,n— co = Trans orma:tlons Iscrete: V7 — 2(‘\)’ _ 0;U ~ U(a,b);finiteinterval, equal np(1 —p) Z ~ N(0,1),z € R,n — oo,
ne=mn, n; >0vi: (17 P, P ’ Fr() = Ppgay=y Ix(@) = PY robabilit X

p(S) — 0, Pg(S) — 1 =3 P(X = 2) P ity e Xo—pn Dy 7o approx. P(X, < 1) =
GeometricserieS'Z’? abi =0 # 1: 2 Random Variables wig(x)=y Exponential distr.: A > 0, f(z) = Xe "z >0, ® . X N L lid
n+1 =0 . ) 2.1 Expectation 0; X ~ exp()), memorylessness; waiting ( ), Xn ~ N(np,np(1L — p)), vali
al 9 ,0=1:a(n+1); Random variablerv.: X : @ — R Expectation : X discrete s.t. time, positive quantities when Inln(np np(1 —p)) > 5;instead of
‘GI < 1 Zoo 01 _ % SuPPOrt:DX = {1‘ eR: Hw S QStX(UJ) = Z‘,.LDX ‘7‘/‘{ ((l’) < 'X,,E[X} _ Gammadistr.: e A = 0, f(x) _ normal when outliers
[ . x}, Dx countable = X discrete r.v. = PX=2)=% Fx() A® a1z, 0.0 X 4 Several Random Variables

Exponential series : exp(x) = 3.2 o & Associate prob.: P(X € S) = P({z € Q : zeDx ¥ TP = 2upepy FIXE @m o= 0 ~ ) o o

1.2 Probability Spaces X(w) € S}), A = {w € Q: X(w) = z}, Function: g real—val‘ued func., Gamma(a, \); Arate, & = 1 exp. density; J0|rjt PI\GF: (:\ ,7Y)d|screte rv., D = {(«, (/)—E

Probability space : (2, F, P), Q2 sample space must have Vz A, € F for P(X = x) 2veny 19(0)|fx (z) < oo, Blg(X)] = more flexible R: P((X, y_) ; (’X lp 0}, (z,y) € R%,
(universe) of all possibleresu[tsw(non.empty)’Bemou“i/mdicatorI'.V‘:binaryOOI’l ZzEDm g(x)fX( ) Laplacedlstzr )\E R,n € R,A > 0, .fX’Y(m"y)_ (( ) (1‘ y))

F event space (non-empty) : events (subsets Probability Mass Function PMF : X discrete, Properties: if &[] finite; E[aX + b} = GE[X] + fl@)= —Ae=n| Jomt. CDF: FX?_Y(x’y) N P(XS z,Y <y)
of Q), P : F — [0, 1] probability distribution ~ fx (z) = P(X =) = P(Ag),z € R; b, E[g(X) + h(X)] = E[g(X)] + E[R(X)], Pareto dIS..(,L B>0F(@) =1- %)% >3, Co.nt'muc(i)us ..Jom;cly)go;l/tmum; 'f;fi(/,Y(xAy)_

Equiprobable: finite ©,Vw € QP(w) = &,  fx(2) 20,0 € Dx fx(@) 20 Dxis  P(X =0 =1 = E[X] = b, 0; lie in (8, 0, financial loss, threshold Joint density of (X, )5;' d(( i )€ 4) =

4] supportof fx, > cp fx(z) =1; E[X)? < E[X?] ) I S myea Fxv (u,v) dudv, - C ;
VA CQP(A) = T fx=fDx=D x Moment : PMF f(z) s.t. 3" |z|" f(x) < oo Mom;nts:h[g(X)H < %,E[%(OX)] = A = {(u,v) : w < z,v < y},joint CDF

Eventspace: A € F = A° € F,{A;}32,  Binomialryv.: PMF fx(z) = (") (1 —p)»—=; r-thmoment E[XT],r- -th central moment ffoo 9(z) f(z) dv, E[X] = f—oo zf(z) dz, Fxy(z,y) = ffoo fgoo fx,v(u,v) dudv,
eEF=UR, AieF,QeF,0eF z€[0,n] CN,neN,pe [ l] C R; E[(X —E[X])"],variance var(X) = E[(X — var(X) = [*_(z — E[X])?f(z) dz Py (@y) = iny(x v)

Probability distribution: A € F = 0 < X ~ B(n,p),ndenominator, p prob. of E[X])?], standard deviation \/var(X),7th Conditional densities: A ¢ &, Fx(z | X € - " 7” ~|a§-a‘1§ Cix ’ discret
P(A) < 1,P(Q) = 1, P of pairwise success, n = 1 : Bernoulli var. factorial moment B[X (X —1)...(x—r+1)] 4 _ Ja, /@y xponent{a amity |s"r..( broeioe D> ﬁlslc[)rse
disjointevents = 3=, ; P(A;), continuous  (nb. success with n peeks) Variance properties: var(X) = E[X?] — ) = Fxem Ao vy wye (o()r con |n;jo)us€r.\2;; (é‘]'p'l;']'t'l n) € s
set function Geometric distr.: PMF fx (z) = p(1 —p)*~';  E[X]? = E[X(X - 1)] + E[X] - E[X]?, A}ifx(a|X € A) = gx¥Es0 e a0 0y = 0 " ] (“"17"9"’”") -

Limits: A1 C Az C ... = limp—00 P(45) zeN* . pel0,1] CR; X ~ Geom(p), var(aX +b) = a?var(X),var(X) =0 = X Elo(X) | X € A] — ElsX)1(XeA)] exp (327 si(@)6i — k(B 6p)
= P(U2; 4); p: prob. of success, (nb. trials till success) constant with prob. 1 [9(X) [ X € A] = pP(Xeca) M +?(xlll;I;/|-F.-7§'n - R _

A1 D A2 D ... = limpnseo P(An) = Memorylessness: X ~ Geom(p) = P(X > Variance properties: X takes 0, r > 2, Quantilep:0 < p < Lazp = mf{x L argina rdiscrete, v € R, fx(w) =
P2, P(A)) n+m|X >m)=P(X >n) E[X] < o0} E[X] = % P(X > ), F@)>p}mostCRUsz, = F—(p) unique, 2y fx.v (2,9) )

Properties: P(§) = 0, P(A°) = 1 — P(A), Negative binomial distr.: PMF fx (z) = EIX(X —1)...(X —r + 1] = P(X < zp) = p, 0.5 quantile : median of F Marglnalden5|tyfunc continuous, z € R,
P(AUB) = P(A)+ P(B) — P(AN B), (rfi)p”(l — )y P (@—1)...(x—r+1)P(X > ) Transflormatlons g: R >1 R,B C R, fx'(.a:) I fxy(zy) dy A
AC B= P4 So-f(B)&P(BOO\ A= " [n:)CN,pelo, ] CR 2.2 Conditional Probability Distributions Thgoref.)),cﬁgsit;')t'é(gi (E)) - JBX RV Co:d|t|‘on§ijMiF Uf>f( ) ﬂ? (undefmed_
P(B) — P(A)’P(Uzz”ILA'L) S Zz:lnP(A'L) X ~ NegBln(n p) no—=1:X ~ Geom(p), Bc ]:S.t.f)(fj) > ('), fX(z ‘ B) — P(X =z | '_ =9 ) '!/_7 00, Y)s ) OI"/‘\' <l> - )7.’/ .G ) .’fY\X(ylx) -

Inclusion-exclusion: P(Jl_; A;) = Z (nb. trials till n successes) B) = P(A, N B)/P(B) Fy(y) = P(Y <y) = fgfl fx () da, Ix v (z,y)/fx(x); (X, Y)discrete:
D™ Eicincocipgn PAIN.N AL ) 6o 0 func a > 0,I(a) = Properties: fx (z | B) > 0,>, fx(z | B) =1 9" (By) = {I € R:g(x) <yl f)g((x_)= P(X =), fy|x(yle) = P(Y =

Union bound:P(L_J?jl1 A;) < Z?:Jrll P(A;) fo “le=vgu;T(1) = 1,T(a + 1) = Event: Biseventlike X € B,B C R; g monotone, g~ ! differentiable,y € R, Y| X =z)

1.3 Conditional Probability aF(a),F(n) =(n—DLT(1/2) = /7 Ix(@|B)=PX =2,XeB)/PXe Fy(y= ‘dg ) ‘ Ix (g7 (W) Multivariate rv.s: X, ..., X, rv.sonsame

Conditional probability : A given B, Hypergeometric distr.: P(X = z) = B)=1I(zx € B)/P(X € B)fx(z) proba. spcae, joint cumulative distr. func.

3.1 Normaldistribution
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Fx,,. x,(®1,...,2n) = P(X1 <
xl,.A.,Xn S:I?n),
Joint PMF (discrete) fx, ... x, (z1,...,Zn)
=P(X1=21,...,Xn = 2n)
Joint density func. (continuous) fx, ... x,,
_9"Fxy,  x,(®1,..,2n)
(ml""’xn) - 0x1,...,0Ty
Multinomial distr. : m denominator,
(p1,---,pK) probabilities, Tly..., T €
{0,..., ,m}, Z .y m,m € N,
SEp = L f(z1,...,78)
m! g
ﬁlh Py

Independence : X, Y on same prob. spcae,
A,BC R P(X €AY € B)=PXe€
A)P(X € B); A = (—
X,Y indep.= Vzst fx(z) > 0:
fy1x (ylz) = fy (y) (symm. with z)

Indep. and identically distrib. (iid.) : random
sample size n from distr. I/, density f,,
write X1,..., X, ~id F(or~id )
Ixiex, (@1, @n) =172 fx ()

4.1 Dependence

Expectation: E[|g(X,Y)|] < oo, E[g(X,Y)] =

Zz’y 9(z,y) fx,v (x,y) (discrete),
IS 9(z,y)fx, v (z,y) dz dy (continuous)

Joint moments: E[X"Y ]

Joint central moments: E[(X — E(X))"(Y —
E(Y))*], r,s €N

Covariance:cov(X,Y) = E[X — E(X)(Y —
E(YV))] = E(XY) = E(X)E(Y)

Properties:a,b,c,d € R, X, Y, Zrv.s
cov(X, X) = var(X),cov(a,X) = 0,
cov(X,Y) = cov(Y, X),cov(a + bX +
cY,Z) =b-cov(X,Z) + c-cov(Y, Z),
cov(a + bX,c + dY) = bdcov(X,Y),
var(a + bX + cY) = b?var(X) + 2bc -
cov(X,Y) 4+ 2 - var(Y), cov(X,Y)2 <
var(X)var(Y)

Independence: X, Y independent, 3
expectation g(X), h(Y"), Elg(X)h(Y)]
Elg(X)]E[R(Y)], X,Y indep. =
cov(X,Y) = 0 (converse false)

Average: X = n~1 377,
E[X] = p,var(X) = 02 /n

Correlation : dimensionless dependence,

corr(X,Y) = _cov(X)Y)
y/var(X)var(Y)
Properties: p = corr(X,Y), -1 < p < 1,

p==x1=3a,bce Rst.aX +bY +c=0

(a,b) # (0,0)(X,Y linearly dependent),
X,Y indep.= corr(X,Y) = 0,

corr(a+bX,c+dY) = sign(bd)corr(X,Y)

Corr. Limitations : measures linear dep. (strong
nonlin. dep., corr. 0), corr. can be strong but
specious (2 sub-groups), corr. # causation

Conditional expectation: [x (z) >
0, E[(Jlg(X,Y)]) | X = 2] < oo,

00, z], B = (—00,y],

Xj;mean p, var. o2,

arx1 + BrxpX ~ Nr(a+ B,u, BQBT)
Density function: X' ~ N, (p, ¢ ) iff Q
hasrankp, f(z; 1, Q) =

Elg(X,Y)|X =a] =3, 9(=z,y) fr|x (ylz)
(discrete), [*7_ g(z, y)fY|X(y|37) dy
(continuous), func ofx

Conditioning: required Es exist, E[g(X,Y)] =
Ex|[E[g(X,Y)|X = 1],
var(g(X,Y)) = Ex[var(g(X,Y)|X =
2) + varx (E[g(X, V)| X = a])]

4.2 Generating Functions

Moment-generating MGF: ¢ € R, Mx (t) < oo

T emiiel
exp(—3 (e — )T L@ — ), € RP

Marginal/conditional distr.s: X~
Np(ppx1,Qpxp), |2 > 0,A,B C
{1,..., ph Al = ¢ < p,|B
r < p, ANB = 0,pua, 24,2453 be

Mx (t) = E[e!*], called Laplacigansform q x lofu,q x q,q x rsubmatrices of

OffX(x) Mx(t) = E[3 2% 5] = Q conformable with 4, A x A, A x B,

>rto T, E[XT} marginal X 4 ~ Ng(pa,.4), conditional
Theorems: Mx (0) = 1, Mayex(t) = XalXp =25 ~ Ng(pa+QasQy' (x5 —

e My (bt), BX"] = T 18), 04 — Q5" Qs.a)

t= .

E[X] = M/(0),var(X) = M%(0) — 4.4 Transf?rmatlons ) y

MY (0)2, Jinjection btw. Fx (x) and Mx (t) B|va5|ate H}d }?) Y € ih g : R
Linear cominations:a, by,... € R, Xy, ... R ‘E’l c R% 9 (B) C R*setforwhi Ch

indep.rv.s,Y = a+b1 X1 + ...+ by Xn, g(g=(B)) = M‘2113(3’ € B) = P(g(X) €

My (t) = e 17— Mx,(tbj); X1, ... B) = P(X € g~ (B))

random sample, 5 = X1 4.+ X, Joint continu. densities: X = (X, Xy) €

Ms(t) = Mx (t)" R? conti.rv.,,Y = (Y1,Y2),Y1 =

g1 (Xl s Xg), Yo = g2(X1, X2), system

Continuity : { X, }, X rv.s with distr. fun.
{F,}, F MGFs My, (t), M (t) exists for
0 <[t <blt] <a<bMisco(t) —
M(@t) = X, 2 Xie Fo(z) — F(z)at
each z € R where F continuous

Matrix: X = (X1,...,- Xp)7T,
expectation (mean vector) E[X|px1 =
E[X[X1] ... E(Xp)]T, co-variance matrix
VaI‘(X)po’(iJ-) = COV(Xi,Xj) (positive
semi-definite)

equationsy1 = g1(z1,72),y2 = g2(21,72)
can be solved V(y1, y2) giving the sol.s

x1 hi(y1,y2), z2 ha(y1,92);

g1, g2 conti. dlfferentlable with Jacobian

991 992 _ 991 992
J(xl’xz) |6z1 dxo Oxg Oz’

iy (W1,92) = fxy,x,(%1,22) X
(21, 22)] z1=h(y1,y2),22=h2(y1,y2)
(positive if fx, x, (z1,z2) > 0)

Sums of independent: X, Y independant r.v.s,
Moment-gen. func. mltivar. MGF: X,,..; = SOOZ X+ Y5 fs(s) = fx * fY(S) =,
(X1,...,X) Tt € T = {t € RP : JZo Ix () fy (s — @) dz continuous,

Mx(t) < oo}, Mx(t) = E[etTX] _ > fx(z)fy(s—a:)discrete
E‘[ezle trXT] Convolution: X1, ..., X,, indep.rv.s, S

. + Xi, ..
MGF Properties:0 € T so Mx(0) 4 SZ(I)rderf:t(ast)istic]sCXI *oeex fxa ()

1L,EX = My((0) =

aMi(kﬂ x(0) Order statistics : ordered values Xy <... <
ot o’ var(X)pxp = X (n), not equal in continuous (<), min. X1y,
azng(l) M (0) MY (0)T, AU = max. X(n) median X(,,, 1) (R = 2m + 1

= odd
{1,..., pland AN B # 0: X 4 subvector of Theore)m

X containing{X; : j € .A} then XA indep.
Xg & Mx(t) = BlethXa+thXs] —

4.3 Multivariate Normal Distribution

Mult. var. normal distr.: X = (X1, ..., , X)) T,
dp = (p1,..., pp)T € RPp x p
matrix €2 (positive semi-definite), uT X ~
N@T p,uTQu),u € RP; X ~ Np(u, ),
Qi = wij, B[X;] = py,var(X;) =
wjj,cov(X;, Xk),j # k, mean vector
H, covariance matrix , Mx (u)
exp(ul + %uTQu),A uB={1,...,p}
and ANB=0:X4 1L X Qap=0,
X1, Xn ~iid N, 0%) = Xpxa =
(X1, Xn)T ~ Np(pln,o?Ih),

(X(m) + X(m+1)) n = 2m even)
X1,...,Xn ~iq F continuous
density f, P(X(ny < z) = F(z)",
P(X() <) = 1— (1— F(x))"
5 Approximation & Convergence
Inequalities: X rv.,a > 0 contsant,
h non-negative func., g convex func.,
P(h(X) > a) < Elh(2)]/a, P(IX| >
a) < E[|X[]/a, P(X| > a) < E[X?]/a?,

var(X)/a?

Hoeffding inequality : Z; Zn indep. r.v.s
st. E[Z;] = 0anda; < Z; < b; for const.
a; < bize> 0Vt >0,P(3" 1 Z; >¢€) <
et T, et?(bi—a;)?/8

5.1 Convergence

Deterministic convergence:xz1,...,x € R,
Tn — ¢ < Ve > 0INcst. |z, — 2| <
eVn > N¢, X, — X ifeither(n — o0),
P(Xn, < z) - P(X < z)z € Ryor
E[X,] — E[X]

Modes of convergence of rv.s: X, X, ...
rv.s with CDF F, Fp, ..., almost surely

Xy, =25 X if P(limp 00 Xn = X) = 1,in

mean square X, —2 X iflimp— o0 E[(Xn

F(y) = F(y; ), with 6 unknown
Sample : must be representative of population,

Y1, .-, Yn, SUpposed to be random sample
(Y1,...,Y, ~i¢ F)

Statistic:any func. T = ¢(Y1,..., Yn) of rv.s
Y17 LR} Yn

Estimator : a statistic § used to estimate a
parameter 6 of f

X)2] = 0 £[X2], E[X?] < oo, in probability Method of moments : (simple, can be

Xy =P XifVe > 0limy—o0 P(| X0 —
X| > €) = 0,indistribution X,, —7P if
limy 00 Fn(z) = F(z) (F
each pt. x)

Relations : (—2% or »2) =P =D

Limits of maxima: X1,..., X,, ~d F M, =
max(X1,...,X,),P(M, <z)=P(X1 <
x’ .. ‘7XTL S w) - F(z)n’

1when F(z) = 1;Y, = (Myp — bn)/an
5.2 Laws of Large Numbers
Weak law : iid, finite expectation p, X
nH X1+ Xn), X =P u, Ve>0
P(|X —p| >€) - 0,n— o0
5.3 Central limit theorem (CLT)
Standardisation average : var(X,) < oo,
E[X] = p,var(X) a?/n,
Zy = n? (X — u)/o has expected of 0 and
variance of 1
CLT: X1, ...iid. expectation p,var.0 < o2 <

00, Zn, =P Z,n — cowhere Z ~ N(0,1);

P(Z, < z) = ®(2) forlargen
Use:sumsofindep.rv.s,n > 25,

B0, X)) = nuvar(Y_, X;) = no?,

P(SI_y X <) = 9(250)

6 Statistical interference

Induction : observed event A, say something
about probability space (2, F, P): A =7
(22, F, P); say something about a process
based on the data

Data : y (observed), Y (potential)

Statistical model : proba. distr. f(y) chosen
or constructed to learn from data; f(y) =
f (y; 0) parameter 6 of finite dimension
(parametric model), known model is called
simple, otherwise composite

Statistic : T" = ¢(Y") known function of data Y’

Sampling distribution : of statistic 7" = ¢(Y") is
its distrib. when Y ~ f(y)

Random sample: set ofiid. rv.s Y1, ...
their realizations y1, ..., yn

,Yn or

E[g(X)] > g(E[X]), P(|X — E[X]| > a) <6.1 Point estimation

Study set of individuals elements (population),
based on a subset (sample).

Statistical Model : unknown distribution F" or
density f of Y

Parametric statistical model : the distribution of
Y is known except for values of parameters 6,

(z) continuous at

0when F(z) < 1,Maximum likelihood estimation (MLE) : (general,

inefficient), 6 match the theoretical/empirical
moments; p unknown param.s, E(Y") =
Sy fy;0)dy = =37 y5 (r=1,.
we need as many moments of underlylng
model as unknowns, use the first r moments

Likelihod : for@is L(0) = f(y1,...,yn;0) =
f(y1,9)>< Xf(yTh )

- D),

optimal in many param. models), 6 value that
gives observed data the highest likelihood,
L(B) > 1(6) Vo

Calculation of MLE : maximizing [(0)
log(L(#)), calculate I(0) (plot), find value
6 maximizing L(8) using derivative = 0, second
derivative <0

M-estimation : (more general, robust, loses
efficiency), maxim. p(6; Y) = >°7_; p(6;Y}),
p(6; y) (if possible) concave of 6 for all y,
p(0;y) = log(f(y;0)) gives maxi. likelihood
estimator

Bias : compare estimators, bias of estimator
6of0:b(0) = E[A] — 0;b(0)VA:< 08
underestimates 6, > 0 overestimates, = 0
unbiased; b(f) & 0then @ in the right place
on average

Mean square error MSE : MSE(6) = E[(§ —
6)2] = var(d) + b(6)2 (average squared
distance)

More efficient : ()1 5 unbiased of 0,

MSE(01/2) = var(&l/g) 6, more efficient
6 if var(6;) < var(fz)

6.2 Interval estimation

Pivot: Y = (Y7, Y, from distr. /', function
Q = ¢q(Y,0), distr. of Q known (does not
depend on 0)

Confidence intervals (Cl) : (L, U) for 6, lower
L, upper U, rnd. interval contain 6 with
probability called confidence level; L = I(Y'),
U = u(Y) statistics from data (do not depend
ond); P(0 < L) = ar,P(U < 0) = ay,
level: P(L <0 <U)=1-ar —ay;
ay, = ay = a/2equi-tailed level (1 — «)

Cl construction : find pivot @ = ¢(Y,6),
quantiles gay; q1—«;, of Q, transform
P(an < q(Yu 0) < (I17aL) = (1 - aL) -
anntoP(L S C] S U) =1 —ay, — Qay,
L,U dependonY & qq noton 6
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One-sided : (—oo, U) or (L, ), takeay = 0or  np; = E;,var(O;) = E;(1 — E;/n) = E;,
ay, = 0, replace unwanted limit by 0o Z;i = (0; — E;)/VE; ~ N(0,1) for largen

Evidence and P-values : observed value of T" is
tobss Pobs = Po(T > tops), p small suggest
Hy is true but something unlikely occurred or
Hy false, p < atestis significant at level o,
reject Hp if p < «, provisionally accept H if

Standard errors : approximate pivots, 7" =
t(Y1,..., Y,,) estimator of 0, 72 = var(T),
V = w(Y1,...,Y,)estimatorof 72, V1/2 or

v1/2 (realization) a standard error for T’
Theorem: L= 0P 7 V. P 1 5 — oo,
- .

n P>«
Z ~ N(0,1), ‘7;17*/2 = T;e x VGI% —D  Decision procedure : choose level o, test Hy,
Z,n — oo " reject Hy if P-value is less than o or do not
Normal random sample: V7, ... Y, ~id reject
N(.02),Y ~ N(u, o2 /n)indep. Measure of evidence : against Hp, small values
(n—1)82 =" (V; — V)2 ~ o2¢2 of pobs Suggesting stronger evidence against
J=1\"J n—1 .. . i
. Hy; Hy need not be explicit, seek for implicit
Comments :in most cases U — L o« vV ’
choice of T

n~1/2 normal models exact Cl available

6.3 Hypothesis Tests

Confidence intervals and tests : value 6° of 9, 6°
lies inside (1 — «) Cl : cannot reject hypothesis
that = 69 at significance level , outside,
we reject at level ar; cannot prove (only reject)

Null and alternative hypotheses : null hypothesis
Hy model to test, alternative H; what
happens if Hy is false, type 1 error (false
positive) Hy true but wrongly reject (choose
H), type 2 error (false negative) H; true but
we wrongly accept Ho

Taxonomy of hypotheses : simple hypothesis
entirely fixes distr. of data Y/, composite does
not fix

Receiver operating characteristic (ROC) curve : of
test plots 5(t) against «(t) as cutt-off ¢ varies
(Po(T > t),PL(T >t),teR

Size and power : pincreases : easier detect Hy
false, densities under Hp and H; separated,
Hp and Hy same (u = 0) curve lies
on diagonal (cannot distinguish), often
w1 unknown so fix a and accept resulting
B(«); false positive probability the size
«, true positive probability power 3; size
a = Py(reject Hp), power 8 = Pi(reject Hp)

Choice of «: 0.05, 0.01, 0.001
6.4 Comparison of Tests
Parametric tests : based on parametric statistical
model (nearly optimal test)
Non-parametric tests : based on general
statistical model
ROC curve : good test will have ROC close to
upper left corner, useless test have ROC
diagonal
Most powerful tests : aim test statistic 7" to
maximise the power of test for given size,
partitioning sample space €2 containing data
Y into rejection region ) and its complement
V;Y € Y =reject Hy,Y € Y = accept
Hy; aimto choose Y suchthat P (Y € Y)is
largest possible such that Py (Y € V) = «
> Neyman-Pearson : fo(v), f1(y) densities of Y
under simple null and alternative hypotheses,
ifitexists,thesetYo, = {y € Q :
f1(y)/fo(y) > t}suchthat Po(Y € Vo) =
a maximises P (Y € ), ) amongst all the )’
suchthat Py(Y € )’) < «, base the decision
on Vo

Power and Cl : size is probability «, usually width
of (L, U) satisfies U — L oc n—1/2

Pearson statistic (chi-square) : O, .. ., Op
nb. observations of random sample size
n = ni + ...+ ng fallinginto categories
l,..., k, expected numbers E1, ..., Ej,

B, >0,T=%F, (0;57‘?)2
Chi-square distr. : with v degrees of freedom,
Ziyoo, Zy M N(0,1),W = Z24.. .+ 22
wl/2—1g—w/2
2v/2T(v/2)
w > 0,v € R*T'(a) = /()X ue—lte= du,
a>0
Pearson rationale: O; ~ FE; Vi, T small
otherwise tend to be bigger, joint distr.
O1, ..., O multinomial with denominator
np; = E;/n,0; ~ B(n,p;), E(O;) =

is chi-square, fiy (w) =
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