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1 Probability
1.1 Combinatorics
Repetition, ordered : nk

No repetiton, Ordered : permutation of length
k of n distinct object, n!

(n−k)!
= n(n −

1) . . . (n− k + 1)

Repetition, not ordered :
(n−1+k

k

)
, number of

vectors of n1 + . . .+ nk = n, ni >= 0 ∀i
No repetition, not ordered : combination
of k objects from set of n distinct ones,
Ck

n =
(n
k

)
= n!

(n−k)!k!

Permutations : ordered set, given n =
∑r

i=1 ni

objects of r different types : n!
n1!n2!...nr !

Combinations : non ordered selection, ways of
distributing n distinct objects in r distinct
groups of size n1, . . . , nr : n!

n1!n2!...nr !

Properties :
(n
k

)
=

( n
n−k

)
,
(n+1

k

)
=( n

r−1

)
+

(n
r

)
,
∑r

j=0

(m
j

)( n
r−j

)
=

(m+n
r

)
,

(a + b)n =
∑n

r=0

(n
r

)
arbn−r ,

(1 − x)−n =
∑∞

j=0

(n+j−1
j

)
xj (|x| < 1),

limn→∞ n−r
(n
r

)
= 1

r!
(r ∈ N)

Partition int. : number of vectors of n1 + . . . +
nr = n, ni > 0 ∀i :

(n−1
r−1

)
Geometric series :

∑n
i=0 aθ

i =, θ ̸= 1 :
a 1−θn+1

1−θ
, θ = 1 : a(n+ 1) ;

|θ| < 1 :
∑∞

i=0 θ
i = 1

1−θ

Exponential series : exp(x) =
∑∞

n=0
xn

n!
1.2 Probability Spaces
Probability space : (Ω,F , P ),Ω sample space
(universe) of all possible results ω(non-empty),
F event space (non-empty) : events (subsets
ofΩ),P : F → [0, 1] probability distribution

Equiprobable : finiteΩ, ∀ω ∈ ΩP (ω) = 1
|Ω| ,

∀A ⊂ ΩP (A) =
|A|
|Ω|

Event space :A ∈ F ⇒ Ac ∈ F , {Ai}∞i=1
∈ F ⇒

⋃∞
i=1 Ai ∈ F ,Ω ∈ F , ∅ ∈ F

Probability distribution :A ∈ F ⇒ 0 ≤
P (A) ≤ 1,P (Ω) = 1,P of pairwise
disjoint events=

∑
i=1 P (Ai), continuous

set function
Limits :A1 ⊂ A2 ⊂ . . . ⇒ limn→∞ P (An)

= P (
⋃∞

i=1 Ai) ;
A1 ⊃ A2 ⊃ . . . ⇒ limn→∞ P (An) =
P (

⋂∞
i=1 P (Ai))

Properties :P (∅) = 0,P (Ac) = 1 − P (A),
P (A ∪ B) = P (A) + P (B) − P (A ∩ B),
A ⊂ B ⇒ P (A) ≤ P (B) & P (B \ A) =
P (B)− P (A),P (

⋃∞
i=1 Ai) ≤

∑∞
i=1 P (Ai)

Inclusion-exclusion :P (
⋃n

i=1 Ai) =
∑n

r=1
(−1)r+1

∑
1≤i1<...<ir≤n P (Ai∩ . . .∩Air )

Union bound :P (
⋃n+1

i=1 Ai) ≤
∑n+1

i=1 P (Ai)

1.3 Conditional Probability
Conditional probability :A givenB,

P (A|B)P (B) = P (A ∩ B),
P (A) = P (A ∩ B) + P (A ∩
Bc)= P (A|B)P (B) + P (A|Bc)P (Bc)

Distributions :B ∈ F s.t.P (B) > 0,Q(A) =
P (A|B), (Ω,F , Q) is probability space

Total probability TP : {Bi}∞i=1 (Bi ∩ Bj ̸=i = ∅),
A ⊂

⋃∞
i=1 Bi,P (A) =

∑∞
i=1 P (A ∩Bi)

Bayes : TP cond.s,P (A) > 0 ;
P (Bj |A) =

P (A|Bj)P (Bj)∑∞
i=1 P (A|Bi)P (Bi)

,
P (A|B)P (B) = P (B|A)P (A)

Multiple conditioning :P (
⋂n

i=1 Ai) =

P (A1)
∏n

i=2 P (Ai|
⋂i−1

j=1 Aj)

1.4 Independence
A ⊥⊥ B ⇔ P (A|B) = P (A) ⇔ P (A ∩ B) =

P (A)P (B)
Mutually :P (

⋂
F Ai) =

∏
F P (Ai)

Pairwise :P (A1≤i ∩Ai≤j≤n) = P (Ai)P (Aj)
Conditional :P (

⋂
F Ai|B) =

∏
F P (Ai|B)

1.4.1 Circuits
Parallel :PP (S) = P (

⋂n
i=1 Fi) =

∏n
i=1 pi

Series :PS(S) = P (
⋃n

i=1 Fi) =
1−

∏n
i=1(1− pi)

∃p+, p−, 1 > p+ > pi > p− > 0, n → ∞ ⇒
PP (S) → 0, PS(S) → 1

2 Random Variables
Random variable r.v. :X : Ω → R
Support :DX = {x ∈ R : ∃ω ∈ Ω s.t.X(ω) =

x},DX countable⇒ X discrete r.v.
Associate prob. :P (X ∈ S) = P ({x ∈ Ω :

X(ω) ∈ S}),Ax = {ω ∈ Ω : X(ω) = x},
must have ∀xAx ∈ F forP (X = x)

Bernoulli/Indicator r.v. : binary 0 or 1
Probability Mass Function PMF :X discrete,

fX(x) = P (X = x) = P (Ax), x ∈ R ;
fX(x) ≥ 0, x ∈ DX fX(x) ≥ 0 ⇔ DX is
support of fX ,

∑
x∈Dx

fX(x) = 1 ;
fX ≡ f,DX ≡ D

Binomial r.v. : PMF fX(x) =
(n
x

)
px(1− p)n−x ;

x ∈ [0, n] ⊂ N, n ∈ N, p ∈ [0, 1] ⊂ R ;
X ∼ B(n, p), n denominator, p prob. of
success, n = 1 : Bernoulli var.
(nb. success with n peeks)

Geometric distr. : PMF fX(x) = p(1 − p)x−1 ;
x ∈ N∗, p ∈ [0, 1] ⊂ R ;X ∼ Geom(p),
p : prob. of success, (nb. trials till success)

Memorylessness :X ∼ Geom(p) ⇒ P (X >
n+m|X > m) = P (X > n)

Negative binomial distr. : PMF fX(x) =(x−1
n−1

)
pn(1− p)x−n ;

x ∈ [n : ) ⊂ N, p ∈ [0, 1] ⊂ R
X ∼ NegBin(n, p), n = 1 :X ∼ Geom(p),
(nb. trials till n successes)

Gamma func. :α > 0, Γ(α) =∫∞
0 uα−1e−u du ; Γ(1) = 1,Γ(α + 1) =

αΓ(α),Γ(n) = (n− 1)!,Γ(1/2) =
√
π

Hypergeometric distr. :P (X = x) =

(
w
x

)(
b

m−x

)(
w+b
m

) ,X ∼ HyperGeom(w, b,m) ;

x ∈ [max(0,m− b),min(w,m)] ⊂ N,
(nb.w found withm take in {w + b})

Discrete uniform :X discrete uniform, PMF
fX(x) = 1

b−a+1
; x ∈ [a, b] ⊂ N, a <

b, a, b ∈ Z,U ∼ DU(a, b), a : start, b : end,
(res from uniform pick in [a, b])

Poisson distr. : PMF fX(x) = λx

x!
e−λ ;

x ∈ N, λ > 0,X ∼ Pois(λ), λmean nb.
per interval, (nb. of events during time)

Cumulative distr. func. CDF :FX(x) =
P (X ≤ x), x ∈ R ;X discrete :FX(x) =∑

xi∈DX ,xi≤x P (X = xi)

CDF properties : limx→−∞ FX(x) = 0,
limx→∞ FX(x) = 1,FX non-decreasing,
limx→0+ FX(x+ t) = FX(x),P (X > x) =
1 − FX(x), x < y ⇒ P (x < X ≤ y) =
FX(y)− FX(x)

CDF descrete :X discrete, f(x) = F (X) −
limy→x− F (y),DX ⊂ Z ⇒ f(x) =
F (x)− F (x− 1), x ∈ Z

Transformations discrete : Y = g(X),
fY (y) =

∑
x:g(x)=y fX(x) = P (Y =

y) =
∑

x:g(x)=y P (X = x)

2.1 Expectation
Expectation :X discrete s.t.∑

x∈DX
|x|fX(x) < ∞,E[X] =∑

x∈DX
xP (X = x) =

∑
x∈DX

xfX(x)

Function : g real-valued func.,∑
x∈DX

|g(x)|fX(x) < ∞,E[g(X)] =∑
x∈Dx

g(x)fX(x)

Properties : ifE[·] finite;E[aX + b] = aE[X] +
b,E[g(X) + h(X)] = E[g(X)] + E[h(X)],
P (X = b) = 1 ⇒ E[X] = b,
E[X]2 ≤ E[X2]

Moment : PMF f(x) s.t.
∑

x |x|rf(x) < ∞ :
r-th momentE[Xr], r-th central moment
E[(X−E[X])r], variance var(X) = E[(X−
E[X])2], standard deviation

√
var(X), r-th

factorial momentE[X(X−1) . . . (x−r+1)]
Variance properties : var(X) = E[X2] −

E[X]2 = E[X(X − 1)] + E[X] − E[X]2,
var(aX+b) = a2var(X), var(X) = 0 ⇒ X
constant with prob. 1

Variance properties :X takes 0, 1, . . ., r ≥ 2,
E[X] < ∞ ;E[X] =

∑∞
x=1 P (X ≥ x),

E[X(X − 1) . . . (X − r + 1)] =
r
∑∞

x=r(x− 1) . . . (x− r + 1)P (X ≥ x)

2.2 Conditional Probability Distributions
B ∈ F s.t.P (B) > 0, fX(x | B) = P (X = x |

B) = P (Ax ∩B)/P (B)
Properties : fX(x | B) ≥ 0,

∑
x fX(x | B) = 1

Event :B is event likeX ∈ B, B ⊂ R ;
fX(x | B) = P (X = x,X ∈ B)/P (X ∈
B) = I(x ∈ B)/P (X ∈ B)fX(x)

Conditional expected value :
∑

x |g(x)|fX(x |
B) < ∞,E[g(X)|B] =

∑
x g(x)fX(x | B)

Expected sum :P (Bc) > 0,
E[X] = E[X | B]P (B)+E[X | Bc]P (Bc) ;
{Bi}∞i=1 partitionΩ, ∀i P (Bi) > 0,
E[X] =

∑∞
i=1 E[X | Bi]P (Bi)

2.3 Notions of Convergence
Convergence of distr.s : ({Xn}, X), rdm. var.s
with CDFs ({Fn}, F ), {Xn} converge in distr.
(law) toX (Xn

D−→ X)⇔ ∀x ∈ R s.t.F
continuous :Fn→∞(x) → F (x) ;DX ⊂ Z,
∀x fn→∞(x) → f(x) ⇔ Fn(x) → F (x)

Law small nb. :Xn ∼ B(n, pn), npn → λ >

0 (n → ∞),Xn
D−→ X ,X ∼ Pois(λ)

3 Continuous Random Variables (CRV)
Ω, DX is not countable
Probability densitiy func. :X is continuous

⇔ ∃f(x) (PDF) s.t.P (X ≤ x) =
F (x) =

∫ x
−∞ f(u) du, x ∈ R ; f(x) ≥ 0,∫∞

−∞ f(x) dx = 1 ; f(x) =
dF (x)

dx ,
P (X = x) = 0

Uniform distr. : a < b, f(u) = 1
b−a

a ≤ u ≤ b,
0 ;U ∼ U(a, b) ; finite interval, equal
probability

Exponential distr. : λ > 0, f(x) = λe−λx x > 0,
0 ;X ∼ exp(λ), memorylessness; waiting
time, positive quantities

Gamma distr. :α, λ > 0, f(x) =
λα

Γ(α)
xα−1e−λx x > 0, 0 ;X ∼

Gamma(α, λ) ; λ rate,α = 1 exp. density ;
more flexible

Laplace distr. : x ∈ R, η ∈ R, λ > 0,
f(x) = 2

λ
e−λ|x−η|

Pareto dis. :α, β > 0F (x) = 1 −
(β
x

)α
x ≥ β,

0 ; lie in (β,∞), financial loss, threshold

Moments :E[|g(X)|] < ∞,E[g(X)] =∫∞
−∞ g(x)f(x) dx,E[X] =

∫∞
−∞ xf(x) dx,

var(X) =
∫∞
−∞(x− E[X])2f(x) dx

Conditional densities :A ⊂ R,FX(x | X ∈

A) =

∫
Ax

f(y) dy

P (X∈A)
,Ax = {y : y ≤ x, y ∈

A} ; fX(x | X ∈ A) =
fX (x)

P (X∈A)
x ∈ A, 0 ;

E[g(X) | X ∈ A] =
E[g(X)1(X∈A)]

P (X∈A)

Quantile p : 0 < p < 1, xp = inf{x :
F (x) ≥ p} ; most CRVs xp = F−1(p) unique,
P (X ≤ xp) = p, 0.5 quantile : median ofF

Transformations : g : R → R,B ⊂ R,
g−1(B) ⊂ R set s.t. g(g−1(B)) = B

Theorem : Y = g(X),By = (−∞, y],X CRV,
FY (y) = P (Y ≤ y) =

∫
g−1 fX(x) dx,

g−1(By) = {x ∈ R : g(x) ≤ y} ;
gmonotone, g−1 differentiable, y ∈ R,
FY (y) =

∣∣∣dg−1(y)
dy

∣∣∣ fX(g−1(y))

3.1 Normal distribution

Normal/Gaussian distribution : x ∈ R, µ ∈ R,
σ > 0, f(x) = 1√

2πσ
exp

(
− (x−µ)2

2σ2

)
;

expectation µ, variance σ2, std. σ > 0,
X ∼ N (µ, σ2) ; average many small effects,
measure subject to error

Standard normal :Z ∼ N (0, 1) standard
normal, density ϕ(z) =

√
2πe−z2/2,

z ∈ R,FZ(x) = 1√
2π

∫ x
−∞ e−z2/2 dz,

f(x) = σ−1ϕ((x− µ)/σ) ∀x ∈ R
Standard normal density : bell curve ϕ(z) =

1√
2π

e−z2/2, z ∈ R
Properties : density ϕ(z), CDFΦ(z), quantiles

zp : ofZ ∼ N (0, 1), ∀z ∈ R : ϕ(z) = ϕ(−z),
P (Z ≤ z) = Φ(z) = 1 − Φ(−z) =
1 − P (Z ≥ z), zp = −z1−p 0 < p < 1,
zrϕ(z→±∞) → 0 r > 0 soE[Zr] exists
∀r ∈ R, ϕ′(z) = −zϕ(z), ϕ′′(z) = (z2 −
1)ϕ(z),E[Z] = 0, var(Z) = 1, E[Z3] = 0,
X ∼ N(µ, σ2) ⇒ Z = (X − µ)/σ ∼
N(0, 1),X = µ+ σZ

Moivre-Laplace :Xn ≈ B(n, p), 0 < p < 1,
µn = E[Xn] = np, σ2

n = var(Xn) =
np(1 − p),Z ∼ N (0, 1), z ∈ R, n → ∞,
Xn−µn

σn

D−→ Z ; approx.P (Xn ≤ r) =

Φ( r−µn
σn

),Xn ∼ N (np, np(1 − p)), valid
whenmin(np, np(1 − p)) ≥ 5 ; instead of
normal when outliers

4 Several Random Variables
Joint PMF : (X,Y ) discrete r.v.,D = {(x, y) ∈

R : P ((X,Y ) = (x, y)) > 0}, (x, y) ∈ R2,
fX,Y (x, y) = P ((X,Y ) = (x, y))

Joint CDF :FX,Y (x, y) = P (X ≤ x, Y ≤ y)
Continuous : jointly continuous if ∃fX,Y (x, y)
joint density of (X,Y ) s.t.P ((X,Y ) ∈ A) =∫ ∫

(u,v)∈A fX,Y (u, v) du dv,A ⊂ R2 ;
A = {(u, v) : u ≤ x, v ≤ y}, joint CDF
FX,Y (x, y) =

∫ x
−∞

∫ y
−∞ fX,Y (u, v) du dv,

fX,Y (x, y) = ∂2

∂x∂y
FX,Y (x, y)

Exponential family distr. : (X1, . . . , Xn) discrete
or continuous r.v., (x1, . . . , xn) ∈ D ⊂ Rn,
(θ1, . . . , θp) ∈ Θ ⊂ Rp, f(x1, . . . , xn) =
exp

(∑p
i=1 si(x)θi − κ(θ1, . . . , θp)

+c(x1, . . . , xn))
Marginal PMF : discrete, x ∈ R, fX(x) =∑

y fX,Y (x, y)

Marginal density func. : continuous, x ∈ R,
fX(x) =

∫∞
−∞ fX,Y (x, y) dy

Conditional PMF : fX(x) > 0 (undefined
for fX(x) = 0), y ∈ R, fY |X(y|x) =
fX,Y (x, y)/fX(x) ; (X,Y ) discrete :
fX(x) = P (X = x), fY |X(y|x) = P (Y =
y|X = x)

Multivariate r.v.s :X1, . . . , Xn r.v.s on same
proba. spcae, joint cumulative distr. func.
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FX1,...,Xn (x1, . . . , xn) = P (X1 ≤
x1, . . . , Xn ≤ xn),
Joint PMF (discrete) fX1,...,Xn (x1, . . . , xn)
= P (X1 = x1, . . . , Xn = xn)
Joint density func. (continuous) fX1,...,Xn

(x1, . . . , xn) =
∂nFX1,...,Xn (x1,...,xn)

∂x1,...,∂xn

Multinomial distr. :m denominator,
(p1, . . . , pk) probabilities, x1, . . . , xk ∈
{0, . . . ,m},

∑k
j=1 xj = m,m ∈ N,∑k

i=1 pi = 1, f(x1, . . . , xk) =
m!

x1!·...·xk!
px1
1 . . . p

xk
k

Independence :X,Y on same prob. spcae,
A,B ⊂ R,P (X ∈ A, Y ∈ B) = P (X ∈
A)P (X ∈ B) ;A = (−∞, x], B = (−∞, y],
fX,Y (x, y) = fX(x)fY (y) ∀x, y ∈ R ;
X,Y indep.⇒ ∀x s.t. fX(x) > 0 :
fY |X(y|x) = fY (y) (symm. with x)

Indep. and identically distrib. (iid.) : random
sample size n from distr.F , density f ,,
writeX1, . . . , Xn ∼iid F (or∼iid f ),
fX1,...,Xn (x1, . . . , xn) =

∏n
j=1 fX(xj)

4.1 Dependence
Expectation :E[|g(X,Y )|] < ∞,E[g(X,Y )] =∑

x,y g(x, y)fX,Y (x, y) (discrete),∫∫
g(x, y)fX,Y (x, y) dx dy (continuous)

Joint moments :E[XrY s]
Joint central moments :E[(X − E(X))r(Y −

E(Y ))s], r, s ∈ N
Covariance : cov(X,Y ) = E[X − E(X)(Y −

E(Y ))] = E(XY )− E(X)E(Y )
Properties : a, b, c, d ∈ R, X, Y, Z r.v.s

cov(X,X) = var(X), cov(a,X) = 0,
cov(X,Y ) = cov(Y,X), cov(a + bX +
cY, Z) = b · cov(X,Z) + c · cov(Y, Z),
cov(a + bX, c + dY ) = bdcov(X,Y ),
var(a + bX + cY ) = b2var(X) + 2bc ·
cov(X,Y ) + c2 · var(Y ), cov(X,Y )2 ≤
var(X)var(Y )

Independence :X,Y independent, ∃
expectation g(X), h(Y ),E[g(X)h(Y )] =
E[g(X)]E[h(Y )], X, Y indep. ⇒
cov(X,Y ) = 0 (converse false)

Average :X = n−1
∑n

j=1 Xj ; mean µ, var. σ2,
E[X] = µ, var(X) = σ2/n

Correlation : dimensionless dependence,
corr(X,Y ) =

cov(X,Y )√
var(X)var(Y )

Properties : ρ = corr(X,Y ),−1 ≤ ρ ≤ 1,
ρ = ±1 ⇒ ∃a, b, c ∈ R s.t. aX + bY + c = 0
(a, b) ̸= (0, 0) (X,Y linearly dependent),
X,Y indep.⇒ corr(X,Y ) = 0,
corr(a+ bX, c+ dY ) = sign(bd)corr(X,Y )

Corr. Limitations : measures linear dep. (strong
nonlin. dep., corr. 0), corr. can be strong but
specious (2 sub-groups), corr. ̸= causation

Conditional expectation : fX(x) >
0, E[(|g(X,Y )|) | X = x] < ∞,

E[g(X,Y )|X = x] =
∑

y g(x, y)fY |X(y|x)
(discrete),

∫∞
−∞ g(x, y)fY |X(y|x) dy

(continuous), func. of x
Conditioning : requiredEs exist,E[g(X,Y )] =

EX [E[g(X,Y )|X = x]],
var(g(X,Y )) = EX [var(g(X,Y )|X =
x) + varX(E[g(X,Y )|X = x])]

4.2 Generating Functions
Moment-generating MGF : t ∈ R,MX(t) < ∞,

MX(t) = E[etX ], called Laplace transform
of fX(x),MX(t) = E[

∑∞
r=0

trXr

r!
] =∑∞

r=0
tr

r!
E[Xr]

Theorems :MX(0) = 1,Ma+bX(t) =

eatMX(bt),E[Xr] =
∂rMX(t)

∂tr

∣∣∣
t=0

,
E[X] = M ′

X(0), var(X) = M ′′
X(0) −

M ′
X(0)2, ∃ injection btw.FX(x) andMX(t)

Linear cominations : a, b1, . . . ∈ R, X1, . . .
indep. r.v.s, Y = a + b1X1 + . . . + bnXn,
MY (t) = eta

∏n
j=1 MXj

(tbj) ;X1, . . .
random sample, S = X1 + . . . + Xn,
MS(t) = MX(t)n

Continuity : {Xn}, X r.v.s with distr. fun.
{Fn}, F MGFsMn(t),M(t) exists for
0 ≤ |t| < b, |t| ≤ a < b,Mn→∞(t) →
M(t) ⇒ Xn

D−→ X i.e.Fn(x) → F (x) at
each x ∈ RwhereF continuous

Matrix :X = (X1, . . . , Xp)T ,
expectation (mean vector)E[X]p×1 =
E[X[X1] . . . E(Xp)]T , co-variance matrix
var(X)p×p,(i,j) = cov(Xi, Xj) (positive
semi-definite)

Moment-gen. func. mlti.var. MGF :Xp×1 =
(X1, . . . , Xp)T , t ∈ T = {t ∈ Rp :

MX(t) < ∞},MX(t) = E[et
TX ] =

E[e
∑p

r=1 trXr ]
MGF Properties : 0 ∈ T soMX(0) =

1,E[X]p×1 = M ′
X(0) =

∂MX (t)
∂t

∣∣∣
t=0

, var(X)p×p =

∂2MX (t)

∂t∂tT

∣∣∣
t=0

−M ′
X(0)M ′

X(0)T ,A ∪ B =

{1, . . . , p} andA ∩ B ̸= ∅ :XA subvector of
X containing {Xj : j ∈ A} thenXA indep.
XB ⇔ MX(t) = E[et

T
AXA+tTBXB ] =

MXA (tA)MXB (tB), t ∈ T
4.3 Multivariate Normal Distribution
Mult. var. normal distr. :X = (X1, . . . , Xp)T ,

∃µ = (µ1, . . . , µp)T ∈ Rp, p × p
matrixΩ (positive semi-definite), uTX ∼
N (uTµ, uTΩu), u ∈ Rp ;X ∼ Np(µ,Ω),
Ωi,j = ωij ,E[Xj ] = µj , var(Xj) =
ωjj ,cov(Xj , Xk), j ̸= k, mean vector
µ, covariance matrixΩ,MX(u) =
exp

(
uT + 1

2
uTΩu

)
,A ∪ B = {1, . . . , p}

andA ∩ B = ∅ :XA ⊥⊥ XB ⇔ ΩA,B = 0,
X1, . . . , Xn ∼iid N (µ, σ2) =⇒ Xn×1 =
(X1, . . . , Xn)T ∼ Nn(µ1n, σ2In),

ar×1 +Br×pX ∼ Nr(a+Bµ,BΩBT )
Density function :X ∼ Np(µ,Ω), iffΩ
has rank p, f(x;µ,Ω) = 1

(2π)
p
2 |Ω|

1
2

exp
(
− 1

2
(x− µ)TΩ−1(x− µ)

)
, x ∈ Rp

Marginal/conditional distr.s :X ∼
Np(µp×1,Ωp×p), |Ω| > 0,A,B ⊂
{1, . . . , p}, |A| = q < p, |B| =
r < p,A ∩ B = ∅, µA,ΩA,ΩAB be
q × 1 of µ, q × q, q × r submatrices of
Ω conformable withA,A × A,A × B,
marginalXA ∼ Nq(µA,ΩA), conditional
XA|XB = xB ∼ Nq(µA + ΩABΩ

−1
B (xB −

µB),ΩA − Ω−1
B ΩBA)

4.4 Transformations
Bivariate :P (Y ∈ B), Y ∈ Rd, g : R2 →

Rd,B ⊂ Rd, g−1(B) ⊂ R2 set for which
g(g−1(B)) = B,P (Y ∈ B) = P (g(X) ∈
B) = P (X ∈ g−1(B))

Joint continu. densities :X = (X1, X2) ∈
R2 conti. r.v., Y = (Y1, Y2), Y1 =
g1(X1, X2), Y2 = g2(X1, X2), system
equations y1 = g1(x1, x2), y2 = g2(x1, x2)
can be solved ∀(y1, y2) giving the sol.s
x1 = h1(y1, y2), x2 = h2(y1, y2) ;
g1, g2 conti. differentiable with Jacobian
J(x1, x2) = | ∂g1

∂x1

∂g2
∂x2

− ∂g1
∂x2

∂g2
∂x1

,
fY1,Y2 (y1, y2) = fX1,X2 (x1, x2) ×
|J(x1, x2)|−1

∣∣
x1=h(y1,y2),x2=h2(y1,y2)

(positive if fX1,X2
(x1, x2) > 0)

Sums of independent :X,Y independant r.v.s,
S = X + Y ; fS(s) = fX ∗ fY (s) =,∫∞
−∞ fX(x)fY (s − x) dx continuous,∑
x fX(x)fY (s− x) discrete

Convolution :X1, . . . , Xn indep. r.v.s, S =∑
i Xi, fS(s) = fX1

∗ . . . ∗ fXn (s)

4.5 Order Statistics
Order statistics : ordered valuesX(1) ≤ . . . ≤

X(n), not equal in continuous (<), min.X(1),
max.X(n), medianX(m+1) (n = 2m + 1

odd) 1
2
(X(m) +X(m+1)) (n = 2m even)

Theorem :X1, . . . , Xn ∼iid F continuous
density f ,P (X(n) ≤ x) = F (x)n,
P (X(1) ≤ x) = 1− (1− F (x))n

5 Approximation & Convergence
Inequalities :X r.v., a > 0 contsant,

h non-negative func., g convex func.,
P (h(X) ≥ a) ≤ E[h(x)]/a,P (|X| ≥
a) ≤ E[|X|]/a,P (|X| ≥ a) ≤ E[X2]/a2,
E[g(X)] ≥ g(E[X]),P (|X − E[X]| ≥ a) ≤
var(X)/a2

Hoeffding inequality :Z1, . . . , Zn indep. r.v.s
s.t.E[Zi] = 0 and ai ≤ Zi ≤ bi for const.
ai ≤ bi ; ϵ > 0, ∀t > 0,P (

∑n
i=1 Zi ≥ ϵ) ≤

e−tϵ
∏n

i=1 e
t2(bi−ai)
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5.1 Convergence

Deterministic convergence : x1, . . . , x ∈ R,
xn → x ⇔ ∀ϵ > 0∃Nϵ s.t. |xn − x| <
ε ∀n > Nϵ,Xn → X if either (n → ∞),
P (Xn ≤ x) → P (X ≤ x) x ∈ R, or
E[Xn] → E[X]

Modes of convergence of r.v.s :X,X1, . . .
r.v.s with CDFF, F1, . . ., almost surely
Xn →a.s. X ifP (limn→∞ Xn = X) = 1, in
mean squareXn →2 X if limn→∞ E[(Xn−
X)2] = 0E[X2

n], E[X2] < ∞, in probability
Xn →P X if ∀ϵ > 0 limn→∞ P (|Xn −
X| > ϵ) = 0, in distributionXn →D if
limn→∞ Fn(x) = F (x) (F (x) continuous at
each pt. x)

Relations : (→a.s. or→2)⇒→P⇒→D

Limits of maxima :X1, . . . , Xn ∼iid F,Mn =
max(X1, . . . , Xn),P (Mn ≤ x) = P (X1 ≤
x, . . . , Xn ≤ x) = F (x)n, 0whenF (x) < 1,
1whenF (x) = 1 ; Yn = (Mn − bn)/an

5.2 Laws of Large Numbers
Weak law : iid, finite expectation µ, X̄ =

n−1(X1 + . . . + Xn), X̄ →P µ, ∀ϵ > 0
P (|X̄ − µ| > ϵ) → 0, n → ∞

5.3 Central limit theorem (CLT)
Standardisation average : var(Xj) < ∞,

E[X̄] = µ, var(X̄) = σ2/n,
Zn = n

1
2 (X̄ − µ)/σ has expected of 0 and

variance of 1
CLT :X1, . . . iid. expectation µ, var. 0 < σ2 <

∞,Zn →D Z, n → ∞whereZ ∼ N(0, 1) ;
P (Zn ≤ z) → Φ(z) for large n

Use : sums of indep. r.v.s, n > 25,
E[

∑n
j=1 Xj ] = nµ, var(

∑n
j=1 Xj) = nσ2,

P (
∑n

j=1 Xj ≤ x) = Φ( x−nµ

(nσ2)1/2
)

6 Statistical interference
Induction : observed eventA, say something
about probability space (Ω,F , P ) :A ⇒?

(Ω,F , P ) ; say something about a process
based on the data

Data : y (observed), Y (potential)
Statistical model : proba. distr. f(y) chosen
or constructed to learn from data; f(y) =
f(y; θ) parameter θ of finite dimension
(parametric model), knownmodel is called
simple, otherwise composite

Statistic : T = t(Y ) known function of data Y
Sampling distribution : of statistic T = t(Y ) is
its distrib. when Y ∼ f(y)

Random sample : set of iid. r.v.s Y1, . . . , Yn or
their realizations y1, . . . , yn

6.1 Point estimation
Study set of individuals elements (population),
based on a subset (sample).

Statistical Model : unknown distributionF or
density f of Y

Parametric statistical model : the distribution of
Y is known except for values of parameters θ,

F (y) = F (y; θ), with θ unknown
Sample : must be representative of population,

y1, . . . , yn, supposed to be random sample
(Y1, . . . , Yn ∼iid. F )

Statistic : any func. T = t(Y1, . . . , Yn) of r.v.s
Y1, . . . , Yn

Estimator : a statistic θ̂ used to estimate a
parameter θ of f

Method of moments : (simple, can be
inefficient), θ̃match the theoretical/empirical
moments; p unknown param.s,E(Y r) =∫
yrf(y; θ) dy = 1

n

∑n
j=1 y

r
j (r = 1, . . . , p),

we need as manymoments of underlying
model as unknowns, use the first rmoments

Likelihod : for θ isL(θ) = f(y1, . . . , yn; θ) =
f(y1; θ)× . . .× f(yn; θ)

Maximum likelihood estimation (MLE) : (general,
optimal in many param. models), θ̂ value that
gives observed data the highest likelihood,
L(θ̂) ≥ l(θ) ∀θ

Calculation of MLE : maximizing l(θ) =
log(L(θ)), calculate l(θ) (plot), find value
θ̂maximizing l(θ) using derivative = 0, second
derivative < 0

M-estimation : (more general, robust, loses
efficiency), maxim. ρ(θ;Y ) =

∑n
j=1 ρ(θ;Yj),

ρ(θ; y) (if possible) concave of θ for all y,
ρ(θ; y) = log(f(y; θ)) gives maxi. likelihood
estimator

Bias : compare estimators, bias of estimator
θ̂ of θ : b(θ) = E[θ̂] − θ ; b(θ)∀θ :< 0 θ̂
underestimates θ,> 0 overestimates,= 0
unbiased; b(θ) ≈ 0 then θ̂ in the right place
on average

Mean square error MSE :MSE(θ̂) = E[(θ̂ −
θ)2] = var(θ̂) + b(θ)2 (average squared
distance)

More efficient : θ̂1, θ̂2 unbiased of θ,
MSE(θ̂1/2) = var(θ̂1/2), θ̂1 more efficient
θ̂2 if var(θ̂1) ≤ var(θ̂2)

6.2 Interval estimation
Pivot : Y = (Y1, . . . , Yn) from distr.F , function

Q = q(Y, θ), distr. ofQ known (does not
depend on θ)

Confidence intervals (CI) : (L,U) for θ, lower
L, upperU , rnd. interval contain θ with
probability called confidence level ;L = l(Y ),
U = u(Y ) statistics from data (do not depend
on θ) ;P (θ < L) = αL, P (U < θ) = αU ,
level :P (L ≤ θ ≤ U) = 1 − αL − αU ;
αL = αU = α/2 equi-tailed level (1− α)

CI construction : find pivotQ = q(Y, θ),
quantiles qαU q1−αL ofQ, transform
P (qαU ≤ q(Y, θ) ≤ q1−αL ) = (1 − αL) −
αU intoP (L ≤ Θ ≤ U) = 1 − αL − αU ,
L,U depend on Y & qα not on θ
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One-sided : (−∞, U) or (L,∞), takeαU = 0 or
αL = 0, replace unwanted limit by±∞

Standard errors : approximate pivots, T =
t(Y1, . . . , Yn) estimator of θ, τ2n = var(T ),
V = v(Y1, . . . , Yn) estimator of τ2n, V 1/2 or
v1/2 (realization) a standard error for T

Theorem : T−θ
τn

→D Z, V
τ2
n

→P 1, n → ∞,

Z ∼ N (0, 1), T−θ

V 1/2 = T−θ
τn

× θn
V 1/2 →D

Z, n → ∞
Normal random sample : Y1, . . . , Yn ∼iid

N (µ, σ2), Ȳ ∼ N (µ, σ2/n) indep.
(n− 1)S2 =

∑n
j=1(Yj − Ȳ )2 ∼ σ2ξ2n−1

Comments : in most casesU − L ∝
√
V ∝

n−1/2, normal models exact CI available
6.3 Hypothesis Tests
Confidence intervals and tests : value θ0 of θ, θ0
lies inside (1−α) CI : cannot reject hypothesis
that θ = θ0 at significance levelα, outside,
we reject at levelα ; cannot prove (only reject)

Null and alternative hypotheses : null hypothesis
H0 model to test, alternativeH1 what
happens ifH0 is false, type 1 error (false
positive)H0 true but wrongly reject (choose
H1), type 2 error (false negative)H1 true but
we wrongly acceptH0

Taxonomy of hypotheses : simple hypothesis
entirely fixes distr. of data Y , composite does
not fix

Receiver operating characteristic (ROC) curve : of
test plots β(t) againstα(t) as cutt-off t varies,
(P0(T ≥ t), P1(T > t)), t ∈ R

Size and power : µ increases : easier detectH0

false, densities underH0 andH1 separated,
H0 andH1 same (µ = 0) curve lies
on diagonal (cannot distinguish), often
µ unknown so fixα and accept resulting
β(α) ; false positive probability the size
α, true positive probability power β ; size
α = P0(rejectH0), power β = P1(rejectH0)

Power and CI : size is probabilityα, usually width
of (L,U) satisfiesU − L ∝ n−1/2

Pearson statistic (chi-square) :O1, . . . , Ok

nb. observations of random sample size
n = n1 + . . . + nk falling into categories
1, . . . , k, expected numbersE1, . . . , Ek ,
Ei > 0, T =

∑k
i=1

(Oi−Ei)
2

Ei

Chi-square distr. : with ν degrees of freedom,
Z1, . . . , Zν ∼iid N (0, 1),W = Z2

1+. . .+Z2
ν

is chi-square, fW (w) = wν/2−1e−w/2

2ν/2T (ν/2)
,

w > 0, ν ∈ R∗, Γ(a) =
∫∞
0 ua−1e−u du,

a > 0
Pearson rationale :Oi ≈ Ei ∀i, T small
otherwise tend to be bigger, joint distr.
O1, . . . , Ok multinomial with denominator
n pi = Ei/n,Oi ∼ B(n, pi),E(Oi) =

npi = Ei, var(Oi) = Ei(1 − Ei/n) ≈ Ei,
Zi = (Oi − Ei)/

√
Ei ∼ N (0, 1) for large n

Evidence and P-values : observed value of T is
tobs, pobs = P0(T ≥ tobs), p small suggest
H0 is true but something unlikely occurred or
H0 false, p < α test is significant at levelα,
rejectH0 if p < α, provisionally acceptH0 if
P ≥ α

Decision procedure : choose levelα, testH0,
rejectH0 if P-value is less thanα or do not
reject

Measure of evidence : againstH0, small values
of pobs suggesting stronger evidence against
H0 ;H1 need not be explicit, seek for implicit
choice of T

Choice ofα : 0.05, 0.01, 0.001
6.4 Comparison of Tests
Parametric tests : based on parametric statistical
model (nearly optimal test)

Non-parametric tests : based on general
statistical model

ROC curve : good test will have ROC close to
upper left corner, useless test have ROC
diagonal

Most powerful tests : aim test statistic T to
maximise the power of test for given size,
partitioning sample spaceΩ containing data
Y into rejection regionY and its complement
Ȳ ; Y ∈ Y ⇒ rejectH0, Y ∈ Ȳ ⇒ accept
H0 ; aim to chooseY such thatP1(Y ∈ Y) is
largest possible such thatP0(Y ∈ Y) = α

Neyman-Pearson :f0(y), f1(y) densities of Y
under simple null and alternative hypotheses,
if it exists, the setYα = {y ∈ Ω :
f1(y)/f0(y) > t} such thatP0(Y ∈ Yα) =
αmaximisesP1(Y ∈ Yα) amongst all theY ′

such thatP0(Y ∈ Y ′) ≤ α, base the decision
onYα
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